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We consider line sets f? in P = PG(3, q) with the following properties: (0) f!  is not 
a spread, (1) every point of P is on at least one line of !i?, (2) if a plane x contains 
more than one line of 2, then the lines of 2 in A form a dual blocking set. It is 
shown that the examples of minimal cardinality are exactly the line sets of Baer 
subspaces of P. 0 1987 Academic PESS, IUC. 
A principal aim in finite geometry is to characterize the classical 
geometric objects by their combinatorial properties, i.e., by seemingly only 
superficial properties. Many well-known results can be seen under this 
point of view (cf. [4,8,9]). In the last years, Baer subspaces (i.e., subspaces 
of order ,/$ of a finite projective space PG(d, q)) have found considerable 
interest (see for instance [ 1,2, 5,6]). We want to recall in particular 
Bruen’s characterization of Baer subplanes as blocking sets of minimal car- 
dinality. A blocking set of a projective plane P is a set 93 of points such that 
every line contains a point of b and a point off !23. 
RESULT 1 (Bruen [ 51). Let b be a blocking set of a projective plane P 
of order q. Then 
equality holds if and only if b is the point set of a Baer subplane of P. 
The aim of this note is to give a similar characterization of 3-dimensional 
Baer subspace-more precisely of the line set of a 3-dimensional Baer sub- 
space. In order to be able to formulate our results, we would like to 
introduce a useful notion. Let 5? be a set of lines in the 3-dimensional pro- 
jective space P = PG(3, q). A plane R is said to be a blocking plane, if the set 
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of lines of 2 in 71 forms a dual blocking set of TC. Now we can state our 
result. 
THEOREM. Let 2 be a set of lines in P = PG(3, q) satisfying the following 
properties: 
(0) There exists at least one blocking plane in P. 
(1) Every point of P is on at least one line of 2. 
(2) For any two intersecting lines 1, I’ E !i?, their span (1, l’) is a block- 
ing plane. 
Then 
14 L (4+ l)(q+Jii+ 1) 
with equality if and only if 9 is the line set of a Baer subspace of P. 
Before we prove this theorem, we would like to make some remarks. 
1. Suppose that I! is the set of lines of a Baer subspace of P. Then L! 
satisfies the conditions (0), (1 ), and (2). The reason for this is that each 
plane of P is either a Baer subplane or shares just one line with !L 
2. Each of the conditions (0), (l), (2) is necessary in the sense that 
there are line sets L! of P which do not satisfy one of the conditions, but 
fulfill the other two. 
- Every spread of lines satisfies (1) and (2), but not (0). 
- The lines in a single blocking plane fulfill (0) and (2), but not (1). 
-A spread together with the lines in a blocking plane satisfy (0) 
and (l), and not (2). 
3. The second author has obtained similar characterizations for 
4- and higher-dimensional Baer subspaces. These results will appear 
elsewhere. 
The remainder of this paper is devoted to the proof of our theorem. We 
suppose throughout that L! is a set of lines satisfying the hypotheses of the 
theorem. In addition, we may assume 
If4 5(4+ l)(q+Jl+ 1). (*) 
We have to show that equality holds and that I2 is the set of lines of a Baer 
subspace. 
By a Baer subplane we mean a blocking plane in which the lines of !i? are 
the lines of a Baer subplane. 
Clearly, every blocking plane has at least q + J$ + 1 lines of 2. 
Moreover, every line I of !i? is contained in at least one blocking plane. 
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(Indeed, by (0) there is a blocking plane z of P. We may suppose that I is 
not in rc. So I intersects rr in a point P. Since n is a blocking plane, there is 
a line I’ of 2 in n through P. It follows that (1, Z’) is a blocking plane 
through 1.) 
As a preliminary step, we quote a well-known fact. 
Step 0. Fix a point P in a blocking plane rt. Then there are at least q 
lines of f? in rt which do not pass through P. 
Step 1. Every line of 2 is contained in at least one non-blocking plane. 
Assume to the contrary that there exists a line x of !i! such that every 
plane through x is blocking. It follows immediately that x is met by at least 
(q+ l)(q+Ja 1’ mes of f?. In view of (*) it is therefore sufficient to show 
that there are more than q lines of f? skew to x. 
In order to do this we first observe that there is a point P on x incident 
with at least q + & + 1 lines of 2. In particular, no plane through P con- 
tains all these lines. Hence the lines of 2 through P together with the block- 
ing planes through P form a linear space. It follows (cf. [7], see also 
[3,9.1.5]) that there are at least q + & + 1 blocking planes through P. In 
particular, there are at least & blocking planes through P which do not 
contain x. By Step 0, each of these planes has at least q lines of 2 which do 
not contain P, and therefore do not intersect x. Consequently, there are 
more than q lines of 2 skew to x. 
Step 2. Every line 1 of f! is contained in at most ,,/$ + 1 blocking 
planes. If 1 is contained in precisely & + 1 blocking planes, then every 
blocking plane through 1 is a Baer subplane, moreover, 12)) = (q + 1) 
(q+&+ 1). 
Namely: By the preceding step, there is a plane LX through 1 which is not a 
blocking plane. Therefore, each point of u - 1 is on a line of 2, which does 
not intersect 1. So, there are at least q* lines of 2 skew to 1. In view of (*), 1 
is therefore met by at most (& + 1 )(q + &) lines of 2. Since every block- 
ing plane through 1 contains at least q + & lines of L - (I}, 1 is contained 
in at most & + 1 blocking planes. 
If the number of blocking planes through 1 is &+ 1, then each of these 
blocking planes has exactly q + & + 1 lines of 2 and is therefore a Baer 
subplane. 
Step 3. Let m be a line which is not contained in any blocking plane. 
Then every point of m is on exactly one line of 2. 
For: Clearly, m 4 2. So, m is met by at least q + 1 lines of 2. On the other 
hand, no plane through m can contain more than one line of 2. Hence 
there are at most q + 1 lines of 2 which intersect m. Consequently, every 
point on m is on a unique line of 2. 
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The key of the rest of the proof consists in looking at a point P, which is 
incident with just one line l,, of !i?. (Assume that every point of P is incident 
with at least two lines of 2. We observe first that there are two blocking 
planes R, rc’ intersecting in a line IG 2. If we denote by 2’ the set of lines of 
2 which are not contained in rc or rc’, then 
So q 5 & + 1, i.e., q = 2. This is a contradiction to (0), since a projective 
plane of order 2 has no blocking set.) 
Step 4. Every blocking plane through P, contains I,. There is a block- 
ing plane not through P,. 
Assume that there is a blocking plane a through PO which does not con- 
tain I,. Then there is a line 1 E (! in K through P,,. Since I # l,,, there are at 
least two lines of f? through P,, a contradiction. 
Using arguments similar to those used in Step 1, one sees that there is a 
line m E L! skew to I,. This line m is contained in some blocking plane a, 
which does not contain I,. In particular, P, is not a point of rc. 
Step 5. Every blocking plane rc which does not contain P, is a Baer 
subplane. 
Namely: Let x0, rcl,..., rc, be the blocking planes through I,, and denote 
by li the line of intersection between 7ti and it (i = 0, l,..., a). By Step 2 we 
know a < &. 
Consider now two distinct lines I, I’ E JZ in n. If P is their intersection 
point, then necessarily P lies on one of the lines I,, I,,..., 1,. (Assume that P 
is outside these a + 1 lines. Then the line PP, is not contained in any block- 
ing plane through lo, hence in no blocking plane at all. So, in view of 
Step 3, every point of PP, is on just one line of f!. This contradicts the 
definition of P.) 
Fix a line m in R through the point &:= l,, n rc which is distinct from 1,, 
I, ,..., I,. Then every point Q # Q, on m is incident with precisely one line of 
L! in ZI. (By the above observation, Q lies on at most one such line.) Hence 
the number of lines of L! in the blocking plane R equals q + a + 15 
q + & + 1. Now Result 1 implies a = &; moreover, rt is a Baer subplane. 
Step 6. Every blocking plane is a Baer subplane. Furthermore, 121 = 
(4+ l)(q+Ji+ 1). 
Namely: Since there are a = & + 1 blocking planes through I,, in view 
of Step 2, also each of these planes is a Baer subplane. 
Step 7. Two distinct blocking planes intersect in a line of !i?. 
For: Denote by rc, z’ two distinct blocking planes, and let 1 be their line 
of intersection. Assume that I $ f?. In view of Step 6, rc is a Baer subplane, 
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hence there is a point P of I such that there are & + 1 lines I,, l1 ,..., 1~ of 
2 on P in X. Moreover there is a line I’ E !jZ in 7~’ through P. It follows that 
there are at least $ q + 2 blocking planes through i’, namely, (I, I,), 
(1, 1, >Y.., (1, I&> and rr’. This contradiction shows the assertion. 
Step 8. Denote by 17 the set of all blocking planes of P. L? and I7 are 
the lines and planes of a 3-dimensional projective subspace of order & of 
P. In other words, L? is the set of lines of a Baer subspace of P. 
Namely: We show that I7 and f? are the “points” and lines of a projective 
space PG(3, A). By Step 7, any two “points” are on a (unique) common 
line. The (dual) Veblen-Young axiom is satisfied, since we already know 
that the blocking planes are Baer subplanes, i.e., projective planes. So, the 
structure in question is a projective space. Since 1521 = (q + l)(q + & + l), 
it is a 3-dimensional projective space of order &. 
Thus, our theorem is proved completely. 
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